Abstract. In this paper, we solve a logarithmic∂-equation on a compact Kähler manifold associated to a smooth divisor by using the cyclic covering trick. As applications, we discuss the closedness of logarithmic forms, injectivity theorems and obtain a kind of degeneration of spectral sequence at E1, and we also prove that the pair (X, D) has unobstructed deformations for any smooth divisor D ∈ | − 2KX |. Lastly, we prove some logarithmic vanishing theorems for q-ample divisors on compact Kähler manifolds.
Introduction
It is well-known that Deligne's degeneration of logarithmic Hodge to de Rham spectral sequences at E 1 -level [9] is a fundamental result and has great impact in algebraic geometry, such as vanishing and injectivity theorems [12, 13] . P. Deligne and L. Illusie [10] also proved this degeneration by using a purely algebraic positive characteristic method. In terms of Kähler geometry, K. Liu, S. Rao and the author [23] developed a method so that the degeneration of the spectral sequence can be reduced to solve a logarithmic∂-equation. By using the harmonic integral theory [6, 20] , we can solve the logarithmic∂-equation and thus give a geometric and simpler proof to Deligne's degeneration [23, Theorem 0.4] . In this paper, we will continue to study another kind of logarithmic∂-equation associated to a smooth divisor by combining with the cyclic covering trick.
Let X be a compact Kähler manifold of dimension n and D = r i=1 D i be a smooth divisor in X, i.e., D i ∩D j = ∅ for i = j. Let L be a holomorphic line bundle over X with L N = O X (D) for some integer N ≥ 1, and let Ω such that x ∈ A 0,q−1 (X, Ω p+1 X (log D) ⊗ L −1 ). In order to solve (0.1), we will use the cyclic covering trick (see Subsection 1.2). More precisely, let s be a canonical section of O X (D) and taking a cyclic cover obtained by taking the N -th root out of s, we will get a compact Kähler manifold Y and a finite morphism π : Y → X. By pullback the logarithmic∂-equation (0.1) to Y , one gets a solvable logarithmic∂-equation. This will lead to the vanishing of the harmonic projection of the logarthmic form (see (2.9) ). By these and the bundle-valued Hodge decomposition theorem, we have . The d-closedness of logarhtmic forms has been studied in [9, 29, 23] . As an immedieate application of Theorem 0.1, we obtain the following type of closedness of logarithmic forms.
By logarithmic analogue of the general description on the terms in the Frölicher spectral sequence as in [5 , where Z p,q r and B p,q r can be described as in (3.4) and (3.5). one would have d i = 0, ∀i ≥ 1 if (0.1) is solvable. Therefore, we get the following E 1 -degeneration of spectral sequence.
Theorem 0.4 (=Theorem 3.4). The spectral sequence
It is well-konwn that a Calabi-Yau manifold has unobstructed deformations [34, 35] . More precisely, if X is a Calabi-Yau manifold, then for any [ϕ 1 ] ∈ H 1 (X, T X ), one can construct a holomorphic family ϕ(t) ∈ A 0,1 (X, T X ) on t, and it satisfies the integrable equation∂ϕ(t) = 1 2 [ϕ(t), ϕ(t)], (∂ϕ(t)/∂t)| t=0 = ϕ 1 . In the case of logarithmic deformations, the set of infinitesimal logarithmic deformations is the space H 1 (X, T X (− log D)). The pair (X, D) has unobstructed deformations if one can construct a holomorphic family
satisfying the following integrability and initial conditions:
By using an iterative method originally from [34, 35, 25] and developed in [24, 37, 38, 32, 30, 31, 23, 27] , we prove Theorem 0.5 (=Theorem 3.8). Let X be a compact Kähler manifold and D a smooth divisor such that D ∈ | − 2K X |. Then, the pair (X, D) has unobstructed deformations.
Note that for X is projective, the above theorem was proved in [18, Proposition 6.4 Proposition 0.6 (=Proposition 4.2). Let D be a smooth divisor and it is the support of a q-ample effective divisor. If L is a holomorphic line bundle satisfies
The following logarithmic vanishing theorem is an application of [17, 
is isomorphic to the L 2 -cohomology on the open manifold U := X − D with respect to some metric h on L| U and the Poincaré metric on U . Moreover, the L 2 -cohomology is invariant under some small perturbations of the metric h. On the other hand, if U is simple connected, then one can take a global N -th root of the canonical section of 
0 ≤ a i ≤ N and a i ∈ Z, then the following logarithmic∂-equation:
This article is organized as follows. In Section 1, we will recall some basic definitions and facts on logarithmic connection and cyclic covering, and prove that there is a canonical integrable logarithmic connection along D on L. In Section 2, by using cyclic covering trick, we will solve a logarithmic∂-equation on a compact Kähler manifold associated to a smooth divisor, Theorem 0.1 is proved in this section. In Section 3, we will give some applications to Theorem 0.1 and prove Corollary 0.2, Proposition 0.3, Theorem 0.4 and Theorem 0.5. In Section 4, we will prove two logarithmic vanishing theorems for q-ample divisors on compact Kähler manifolds and prove Proposition 0.6, Proposition 0.7. In Section 5, we make some further discussions and propose Conjecture 0.8 on solving a more general logarithmic∂-equation.
Preliminaries
In this section, we will recall some basic definitions and facts on logarithmic connection and cyclic covering. For more details one may refer to [2, 3, 11, 12, 16, 19, 23, 28 ].
1.1. Logarithmic connection. Let X be a compact complex manifold of dimension n and D be a simple normal crossing divisor in X, i.e., D = r i=1 D i , where the D i , 1 ≤ i ≤ r are distinct smooth hypersurfaces intersecting transversely in X.
Denote by τ : U := X − D → X the natural inclusion and 
. For any z ∈ X, which k of these D i pass, we may choose local holomorphic coordinates
is the union of coordinates hyperplanes. Such a pair
is generated by the holomorphic forms and logarithmic differentials dz i /z i (i = 1, . . . , k), i.e.,
) the space of smooth (0, q)-forms on X with values in Ω p X (log D), and call an element of
Now we recall the definition of logarithmic connection on a locally free coherent sheaf.
Definition 1.1 ([12, Definition 2.4])
. Let E be a locally free coherent sheaf on X and let
We assume that ∇ a+1 • ∇ a = 0 for all a. Such ∇ will be called an integrable logarithmic connection along D, or just a connection. The complex
Let L be a holomorphic line bundle over X satisfying
There exists an integrable logarithmic connection along D on L.
Proof. Let σ be the canonical meromorphic section of
and let e be a local frame of L satisfying
We define
It is well-defined since for any local frame e ′ of L with e ′N = e N , one has ∂(e ′ /e) = 0 so
which satisfies (1.1). And we define a logarithmic connection d on L by
By a direct calculation, one has d 2 = 0. Therefore, d is an integrable logarithmic connection along D on L.
Cyclic covering.
In this subsection, let L be a holomorphic line bundle over X satisfies
where . Let e be a local frame of L, any element of L can be represented as the form v · e, so as a complex manifold, the local coordinate of L is given by (z, v). In terms of local coordinates, then 
(log(π * D)).
Logarithmic∂-equation
In this section, by using the cyclic covering trick, we will solve a logarithmic∂-equation on a compact Kähler manifold associated to a smooth divisor.
Logarithmic∂-equation. Denote by
By taking d = ∂ +∂ and using Proposition 1.2, we have
, one may ask that whether the following logarithmic∂-equation∂ In this section, let X be a compact Kähler manifold and
, and we consider the following logarithmic∂-equation:
Solving the∂-equation.
In this subsection, we will solve the logarithmic∂-equation (2.2) by using the cyclic covering trick.
Since
s] is a compact complex submanifold of L. Let π : Y → X be the cyclic covering. For any point x ∈ D, one can take a small neighborhood U around x, such that
Since D is smooth, by take U small sufficiently, so k = 1. Without loss of generality, for any x ∈ D, one may take a local coordinate neighborhood around x such that
where f is a local smooth (0, q)-form and e * is a local frame of L −1 , then
where the isomorphism is followed from Proposition 1.3 (i), which is given by dividing the canonical section of O X (−D ′ ). Firstly, we note that
* and the last embedding is given by [23, . In fact, the first isomorphism is given by the following: for any
, in terms of local coordinates, one has
Here g is a local smooth (0, q)-form.
where the last equality holds by (1.3) and Proposition 1.3 (ii).
From (2.3) and (2.4), we have
Proposition 2.2. If (X, ω) is a compact Kähler manifold, then Y is also a compact Kähler manifold.
Proof. By the construction of cyclic covering, Y is a compact complex submanifold of the total space L. Let h be a Hermitian metric on L, since Y is compact, we may assume that
for some large R > 0. By a direct calculation, one has
where δv := dv + v∂ log h. When restricting to the open manifold Y R , one has
where C > 0 is a uniform constant satisfying √ −1∂∂ log h > −Cω, and π : Y R (⊂ L) → X is the natural projection. Thus, 
is the holomorphic vector bundle associated to the local free sheaf Ω
Now we define the following isomorphism by
where {e i 1 ⊗ · · · ⊗ e i n−p−1 } is a basis of (E n−p−1 X ) * . The definition is well-defined since
Here we denote dz := dz 1 ∧ · · · ∧ dz n . So one has the following lemma.
Lemma 2.3. It holds the following commutative diagram:
Proof. One can check the above commutative diagram directly. For any
where e i := π * e i , dw = dw 1 ∧ · · · ∧ dw n and the third equality holds since one can take the local frame e * satisfies (π * e * /(w 1 σ ′ )) N = 1 as (1.2). While
From (2.7) and Lemma 2.3, one has
which is a solution of∂y = (
. For any smooth Hermitian metric h on the vector space (E n−p−1 X ) * ⊗ L N −1 and any harmonic element η ∈ A n,q (X, (E n−p−1 X ) * ⊗ L N −1 ), i.e. ∂η = 0 =∂ * ′ η, where * ′ is the Hodge * -operator. Then 
By the Hodge theorem for bundle-valued and noting∂β = 0, we have
which is equivalent to
Since (I * ) −1 is an isomorphism, so we obtain a solution
of the equation∂x = ∂α. In one word, we obtain Theorem 2.4. Let X be a compact Kähler manifold and
Some applications
In this section, we will give some applications to Theorem 2.4. Throughout this section, let X be a compact Kähler manifold of dimension n and D = 
such that∂x = ∂α and then ∂α =∂x = 0 since x = 0.
An injectivity theorem.
In this subsection, we will prove an injectivity theorem by using Theorem 2.4. From Proposition 1.2, d is an integrable logarithmic connection along D on L −1 , and
denote the cohomology of the complex of sections Γ(X,
Proposition 3.2. The following mapping is injective:
By considering the degree of α, so dα = ∂α +∂α =∂α = 0.
Notice that∂β n−1,q =∂α = 0, by Theorem 2.4, there exists γ ∈ A 0,q−1 (X, Ω n X (log D) ⊗ L −1 ) such that
) |∂α p,q = 0, and there exist 3.4. Logarithmic deformation. In this subsection, we will discuss the logarithmic deformation by using an iterative method originally from [34, 35, 25] and developed in [24, 37, 38, 32, 30, 31, 23, 27] .
For the definition of logarithmic definition, one can refer to [22, Definition 3] . Let T X (− log D) be the dual sheaf of Ω 1 X (log D). Then the set of infinitesimal logarithmic deformations is the space H 1 (X, T X (− log D)). Moreover, as shown in [22, Page 251], the semi-universal family [22, Definition 5] can be obtain from a subspace of
which, usually called the space of Beltrami differentials, consists of sections satisfying the integrability condition:
Suppose that D is a smooth divisor with D ∈ |−2K X |, and for any [ϕ 1 ] ∈ H 0,1 (X, T X (− log D)) and any t in a small ǫ-disk ∆ ǫ of 0 in C dim C H 0,1 (X,T X (− log D)) , we try to construct a holomorphic family
To solve the above equation, we need the following lemma, and we will omit its proof because it is same as to [23, Lemma 4.9] .
is an isomorphism, whose inverse we denote by
is trivial, one may take an element
without zero points. 
and
then ϕ(t) satisfies (3.6) for sufficiently small t.
Proof. From (3.9), one has∂
(3.10)
Therefore,
Since Ω(t) is smooth and Ω(0) = Ω 0 = Ω, Ω(t) ∈ A 0,0 (X, Ω n X (log D) ⊗ K X ) also has no zero point for small t. One has∂
By the above Proposition, our goal is to construct two smooth families ϕ(t) and Ω(t) satisfy (3.9) and (∂ϕ(t)/∂t)| t=0 = ϕ 1 . By taking L = K −1 X and using Theorem 2.4, and the same argument as [23, , one can solve the system of equations (3.9) and obtain Theorem 3.8. Let X be a compact Kähler manifold and D a smooth divisor such that D ∈ | − 2K X |. Then, the pair (X, D) has unobstructed deformations. More precisely, for any
satisfying (3.7).
Remark 3.9. For the case that X is projective and D is a smooth divisor with D ∈ | − N K X | for some positive integer N , (X, D) was also proved to has unobstructed deformations [18] . More general, if X is projective, D = r i=1 D i is a simple normal crossing divisor, and there is a collection of weights 
Logarithmic vanishing theorems
In this section, we will discuss some logarithmic vanishing theorems on q-ample divisors by using cyclic covering trick. Let us first recall the definitions of q-ample line bundles and q-ample divisors.
Definition 4.1. Let X be a compact complex manifold and L be a holomorphic line bundle over X. L is called q-ample if for any coherent sheaf F on X there exists a positive integer
Let X be a compact Kähler manifold of dimension n. 
Proof. Let π : Y → X be the N -cyclic covering of X branched along D. Since π is a flat and finite morphism, for any 0 ≤ k ≤ N − 1, by Proposition 1.2 (iv) and [18, (6) ], one has 
Using the projection formula and the Leray spectral sequence to π [33, Lemma 5.28], we have
for any coherent sheaf F. 
Combining with (4.1) shows that
The following proposition is an application of [17, 
and X − D is simply connected, then
Proof. Let σ i be the canonical section of O X (D i ). By conditions, one has
which does not vanishing on U := X − D. Moreover, since U is simply connected, so one can select a branch section of L| U , which we denote it bỹ
In fact, the total space L N is an open complex manifold of dimension n + 1 since L N is holomorphic line bundle over X, so of the mapping
Since p is local biholomorphic, soσ is a holomorphic section of L| U .
Denote by H i,j [17, Section 2.3] ). Then we have the following isomorphism,
where ω P is a Poincaré type metric on U (see [17, Definition 2.3] ), h 1 , h 2 are smooth metrics on O U , L| U respectively. More precisely,
where α > 0 is a large even integer and
Since b i ∈ (−N, N ) ∩ Z, so there exists τ i ∈ (0, 1] such that
From [17, Theorem 3.1], one has
From (4.3), (4.4) and the isomorphism (4.2), one has
Combining with [26, Theorem 1.2] shows that
Remark 4.4. For the case that X is projective, there are various logarithmic vanishing theorems for q-ample divisors have been studied in [4, 15, 11] .
Further discussions
Let X be a smooth projective variety, the injective theorems, vanishing theorems and unobstructed deformations have been studied widely by using the E 1 -degeneration of some spectral sequences [12, 13, 18] . In particular, by [12, Theorem 3.2 (b)], the following spectral sequence 
• )
degenerates in E 1 . Here L is a holomorphic line bundle over X satisfying L N = O X ( r i=1 a i D i ), 0 < a j < N . For the proof of (5.1), one can first take a cyclic cover obtained by taking the N -th root out of a canonical section of L N and get a normal variety Y , then by using a Kawamata's result [12, Lemma 3.19] (which needs an ample invertible sheaf), one can get a projective manifold T and a finite morphism δ : T → Y , so that the degeneration (5.1) can be reduced to the more familiar degeneration of the Hodge spectral sequence then the pair (X, D) has also unobstructed deformations by using a purely algebraic method [21, Section 4.3.3 (iii) ]. More precisely, they used Dolbeault type complexes to construct a differential Batalin-Vilkovisky algebra such that the associated differential graded Lie algebra (DGLA) controls the deformation problem. If the differential Batalin-Vilkovisky algebra has a degeneration property then the associated DGLA is homotopy abelian.
In terms of Kähler geometry, K. Liu, S. Rao and the author [23] developed a method so that the E 1 -degeneration of spectral sequences and the unobstructed deformations can be reduced to a logarithmic∂-equation. 
